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ABSTRACT

We present a compilerion of probability density functions, distribu-
tion functions, and characteristic functions for several arithmetic com-
binations of Gaussian random variables. These functions, the distribution
functions in particular, need to be known for the evaluation of the error
probabilities of many cormunication systems. We endeavour, as far as
possible, to express these functions in "closed form" in terms of well
known (and tibulated) transcendental functions, Our purpose is to have
a convenient list of canonical forms which will be useful when working
with arithmetic combinations of Gaussian random variables,.

Since distribution functions are the most useful, they are listed
first. In the second half the density functions, characteristic functions,
and some moments are listed. Both halves follow the same outline so that
one can easily locate corresponding functions relating to the same random
variable, Since many distribution functions could not be found, in the
list of distribution functions there are dashes, --, to indicate these
yet unknown functions.

fome miscelianeous results are given in Appendix A. The transcendental

functions ave defined in Appendix B along with some useful relationships.
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DEFINITIONS AND NOTATION

) Throughout this report capital letters will represent vectors or
matrices with the exception of F, G, and transcendental functions.
F(+) and G(+) are the only letters used to represent distribution
<. functions of random variables with £(+) and g(*) representing the
corresponding density functions. w(u) will denote all characteristic
functions. Letters x and y are used only for Gaussian random
variables and X and Y are the only letters denoting Gaussian vectors.
X is always a column vector with independent equal variance

Gaussian random variables as components. That is, for X n-dimensional

‘where {xk}§=1 are independent Gaussian random variahles with equal
variances, 02. If EX = A then this class of Gaussian vectors will
be denoted as Nn(é,az). Hence X € Nn(é,cz) means that X is an
n-dimensional Gaussian vector with independent components and with com-
mon variance 02 and mean EX = A.

Only Gaussian vectors of the same order are allowed to be statisti-

cally dependent. If g(l) € Nn<é,02) and §(2) € Nn(g,cg) are dependent

]
4
b
)
y
l 1
o then we mean dependence in the following manner.
“ a ' -
g (1) (2) ]
E.. . x1 x1 a1 b1
. (1] - (2)
W - X X a b
. 2{.(1)=2 ’ 5(2)=2 , A= 2|, B= 2
* x(l) x(2) a b
- n n n n
- -t P o
- xi - SEL-65-079
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p0102 J=k

That is, only components of x(l) and x(z) having identical subscripts

can be correlated. We shall summarize this dependence by the matrix.

g PO, 0,

M is the common covariance matrix of the vector-pair components. Ve

shall also define

B o | [ -
11 12 02(1_ 2) 0.0 (1- 2)
1\e 1%2\47P
E = M-l = =
w w - —_ S S
12 22 2 2 2
0,0,(1-p%) ay(1-p")
e - - -
e (1) (2) -
Clearly if X and X are independent then op = 0.

If Xe Nn(g,cz), we shall define

1/2

n

2

R D
k=1

as the Rayleigh variable of order n. r2 is essentially the central

chi square variable of order n.

SEL-65-079 - xii -




If Xe Nn(g._,cz) we shall define

n 1/2
2
a=lal = o2
k=1
as the norm of the mean and
n 1/2
2
=l =0 =g

k=1

2
as the Rice variable of order n. Vv is essentially the noncentral -chi

square variable of order n. Throughout this paper r and v wiil

denote only these random variables.
(1)

We shall define an inner product for X / € Nn(é,ci> and

x(2) €N (B,62> as
- n\='"2

(_,5(1),&(2)‘) - z xlEl) ";({2)
k=

For any positive real number, c¢, we definz [c] as

[c] =min {n; n2zc¢; n is an integer)
n

If z 1is a random variable and f(*) its density function, we

shall write its (cumulative) distribution function as

F(z) = jz £(t) dt

(e 3]

- xiii - SEL-65-079




and its characteristic function as

¥ (u) = f_ WM p(r) dr, 1= J1

00
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. I. FUNDAMENTAL VARIABLES

. A. GAUSSIAN
x €N (a,cz)
. 1l
4.
. r
’ % - erf a-x X s a
V202
. F(x) = {
% + erf x- a X>a
\ 262
\ [Ref. 5, p. 136]
B. RAYLEIGH
2 |
XeN (0,06°); =[x
1. n=1
F(r) = erf rzo
202
[Ref. 5, p. 136]
2 n=2
2 2
F(r) =1-¢e " /20 rzo

3. n = 2k (even)

k-1 3
2, 2 2
F(r):l-e'r/z" zj—l,(r—z) rzo

=0 [Ref. 5, p. 134]

-1 - SEL-65-079
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C. RICE
2
XeN(a0),  a-=]al,
1 n=1
r
1 v+la 1 la -V
2 erf -3 erf
V202 V202
F(v) = {
% erf { L2 + % erf rria
v 262 V2¢®
.
2 n=2

) =1-9(22) v

v
o

3. n=2k {even)

v
o

) =1-9 (2.3)

2k+1  (odd)

4. n

5. n

SEL-65-079 -2 -
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[Ref. 5, p. 136]

[Ref. 19, p. 159]
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I1I. RATIO

A. GAUSSIAN/GAUSSIAN

2 2
X € Nl(a,cl), y € Nl(b,cz)
o]
Let z:x, (',::--—2
z o
1. Independent
a. a=b=20
S S | -1(£)
F(z) = 3+ 7 tan o [Ref. 5, p. 30]
2 2
b. a#0, b=0, o =0,=1
%tan-1<'—§r>-2v alz'; 2 2<0
\/l«t—z2 V/1+22
Flz) = < % 2 =0

l-itan- (-};)szv 2z _, -2 z>0
4
- V1+z2 \/1+z2
[Ref. 29, p. 118]
c. a#0, b #0
-3 - SEL-65-079
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2. Dependent

[~ -
CJ'2 [s Py
1 P91 %
M=
0o, 0 0'2
12 2]
a. a=b=20
2.9
1 1 -1 c
F(z) == + = tan
2 n 2,1/2
(1-65)
b. a#0, b=0
c. a#0, b#0
B. GAUSSIAN/RAYLEIGH (INDEPENDENT)
1) (e:5})
xeNl(O 0'1 _x_eNn 0’0-21
g,
2
Let z=l::, c = —
1
1, n=1
Y S S I O
F(z)-2+ntan (cz)
SEL-65-079 -4 -
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1 Z
- = . . 50
F(z) =5+ SICRENTE [Ref. 5, p. 50]
2(c+z")
3. n=3
F(z) = % + L tan? (ez) + ____c__zz___é__
T 1(1+c72%)
[Ret. 5, p. 30]
2 2
4, n =2k (even); Gy =0y =1
4 -
2 1/2 k 25-2 j-1
i 1 z Z N z<0
2 2 2 2
i+2 3=1 J-1 4 + 4z
F(z) = <
2 \}M2 X a0 31
2 S (e e
27 2\,, 2 PRy AR =
- J=1
[Ref. 16, p. 345]
5. n
GAUSSIAN/RICE (INDEPENDENT)
] (2 2)
x € Nl(o,o-l), XeN (A,cr2
a=lal, v =l
c
Let q =%, c =-—g'
1
-9 - SEL-65-079
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1 n=1; Ui = 0; =1
r
% tan"! <Tl-> - oy (—2lal , —= a<0
Iql \/l+q2 \[1+q2
F(q) = < % q=0
1 - % tan™! (%) +ov (21 _ 2 a>0
~ \ 1+q2 \/ 1+q2
[Ref. 29, p. 118]
2 n =2
.
o,.Q 2 2
Q(8,0) - (%) exp < 3—-3—‘3—> 1,(0B) 1< 0
F(q) = <
o B 2 2
1-Qa,B) + <%\ exp < °‘~%P-—> 1,(B)  qzo0
. /
where

i
i

[Ref. 29, p. 119]

SEL-65-079 -6 -
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r 2 .2 2 \1/2
a(@,8) - (&) exp < g -k )10(045) - -;-(——3—>
l1+q
k j-1
e )
. F (2,5, <o
gz <a‘-1><4 + 4q2> N2 7 S (1he?) :

F(q) = {

k 25-2 -1 2
1 1 a
’ ji 2 1Fi\zy 3 - 2 @20
oy j-1/ \4 + 4q 2(1+q°)
. ¥
where
. o \1/2 . s \1/2
o = 3 1 - ——3——5 , B = 2 1+ ——g——g
1 +q l+gq

[Ref. 16, p. 343]

-7 - SEL~-65-079
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D. RAYLEIGH/RAYLEIGH

1. Independent

1 2 2
(@ enford),  x® e o)
1 2
o= 8y = 1)
r o)
Let zZ = ;3 s c = 2
1 9

[Ref. 5, p. 30]

to
~~
N
S
1]
EWN
B
[}
-
—_——~
13
S
N
v
o

=
—~
N
~
1
[
L}

2
<_2°__..> z20 [Ref, 5, p. 50]

2
c + z

c. n=1, m=2k (even); cf = cg =1

) il <2J 2> <4 +zz4z2>J-1 “®°

F(z)

il

j =]

[
/‘\

('8

[Ref. 16, p. 343]

z 20 [Ref. 5, p. 31]
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17 %
‘n - 1
h I
2(2) n -(2 : ) 2, (n-1)/2 220
V7 (m-2) T (25-2) (1 + v%)
2
h = l_%zz_ [Ref. 14]

f. n even, m even

(m/2)-1 (m/2)-1 j 2 (n/2)+j
gy § RS
B9 2\ R

n
2'2) j=o J '2'*5’) tz

v
(=}

[Ref. 29, p. 112]

g. n odd, m even; ci = U; =1

1/2 n/2 |(m-4)/2 . , \(m/2)-k-1
F(Z)=1’ 1 . 1 z 14
1+ 2 1+ z2 1+ 22
z k=0
P<m;rl' k- 1) 2 (n:3)/2 2.k
'm oy 2 z (1 + 2z%) zz0
m k- 1 p(R
(2 k 1)' F(Z) k=0
[Ref. 29, p. 119]
h. n odd, m odd
See Ref, 29, p. 118.
-9 - SEL-65-079
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i, n, m
See Ref. 29,
2. Dependent
2{_(1)
1
M =
o)
Let
a, n=1
F(z) =
where
b. n=2
F{
where

SEL-65-079

en(01),  x® en(0)
° (1) (2)
1 2
, ry =[x, r, = [
1
Ta
z = —
T
LR b z20
2 bi¢ 3
Vi-p
h = }_’_52.
T 2z
z) = % - h z20

_1l-z
22

- 10 -




c. n=2k (even) (Recu.sive Form)

h(1-pz)k'1 P(k - %)

F,_(z) =F (z) - - z20
2K 2k-2 JT (2k-2)(k-2)! (1-p2en?)E (1/2)
where
1l ~ z2
h = 5
2z
d. n (Recursive Form)
a2 ()
F (z) =F _(2) - - - zz0
n n-2 \/;-(n-Z) P(&_é_z_) (1-p2+h2)(n 1)ﬁ
where
2
h = l—%;é— [Ref. 14]
RICE/RAYLEIGH (INDEPENDENT)
x(l) eN (c,c ), x(z) €N (B,cz)
= 1 = 2
1 2)
A TR ) TR
g,
Let u = %, c = 2
1
- 11 - SEL-65-079
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[Ref. 29, p. 118]

B 2 2
Flu) = 2 [Q(a,s) - <G—§-> exp < 9‘——3—‘3—> Io(aﬁ)] uz0

where

s \1/2 2 1/5]
o = b 1 - c B = b 14+ c
—_— —_— , = — —_—
252 02 + u2 262 c2 + u2 J

[Ref. 29, p. 119]

3. n=1, m=2k (even): o) =c, =1

3

j=2

g -1
25-2\ [ 2 L 22 .
2 Fi\zi 35 - 2 uzd
j=x/ \1 + u 2(1+u”)

where

1/2 . \1/2
s (2] eethe 2l

l+u

[Ref. 16, p. 343)

SEL-65-079 - 12 -
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2 2
Glu b2
F(u) = 2, 3. exp |- 12, zuz) uzo0
Oy + 0y (0'2 2
[Ref. 29, p. 110
and Appendix]
) n=m
See Ref, 29.
2 2
6. n even, nm even; 0y = 02 =1

o ()
Flu) = 1+u’ =\ 2(1+u2)

n/2)- n/2)- j )/
. ( /%) 1 ( /ZZ) SN | <(m/2)+1&-1><b2uz>J < L > e
< 5t 2! £-j 1+u2 14+u2

3=0 £=j

[Ref. 29, p. 112]

7. n odd, m even; 0'2=c =1

n/2
2 2 2
oo sse} w8

f(m—4)/2< 2 (m-2j-2)/2 P(n + m -2 2j - z)
1258 e

,

. lE](n+m--223 - 2;m-223;m>

- 13 - SEL-65-079
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(n-3)/2
-3 ZE (1 + u2)d F1 <E’€?zl; 1; zaa) uzo0
j=0
where
1/2 1/2
2 2 2 2
l1+u l1+u
[Ref. 29, p. 119]
8. n, m
See Ref. 29.
F. RICE/R’CE (INDEPENDENT)
(1) ( 2) (2) 2)
X € N {A,d]) X € Nm(g,cz
1) 2
a=lal,  w=fEl, v, =I5, v, =z
v,
Let q =;—2'
1
2 2
1 n=1, m=1; o, = Oy = 1
1 1 -1 2. 1 ag + b a - bqg
F(q):;-{-;tan g——2—+2V 4 s
2q V/1+q2 v/1+q2
+2v(24=B a+bg qz0

[Ref. 29, p. 115]

SEL-65-079 - 14 -




where

[Ref. 29, p. 110]

For a generalization to dependent vectors see Ref. 35.
2 2

3. n=m= 2k; cl = 02 =1
2 2 \1/2 2 \1/2 L2 .2
_ aq b aq + b abg
Fla) = Q 2 ' 2 - 2P \-——5 )1, 2
1+q 1+q 1+4q 2(1+q°) 1+4q
2.2, .2 gy ba\J ab
+ exp |- 29 *+2 z C.(k-1,k-1; q) (-—q) 1, (-2 az6
2(1+q°) J 8/ J\14+q°
j=1-k
where
: r
X K1 rkeg-1 2 \ 4 2
z q L -5 (93— jzo0
. 2 2 Om 2
- = -3 l+q 1+4q l1+q
.3
cj(k-l.k-l; q) = J
-C (k-l k-1; -1—) j<o
-J T g
.
[Ref. 29, p. 112]
- 15 - SEL-65-079




Note special case:

2 .2
F(l)=Q<:/9_;,—\;§>-%em<-a 4b>

k-1
2 2 J
a + b
vom (-£5) S o |(2)'
E
where
k-1
b - Z (k-1+0)1 274K
i (k-1+3)t (£-3)!
b=j
4., n=m
Sec Ref. 32.
5. n even, m even; 02 = az =1
a2 2 1/2 b2 1/2 1 azq2 + b
1+q 1+q l1+q 2(1+q")
a2 2 + b2 (n/Z)-l n m
+ exp --—3—2-—- Z CJ(E-I'E-
2
(1+q ) j=1-(m/2)

SEL-65-079
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[Ref. 28, p. 171

abq

)

l1+4q

fie]
v
o

)




where

(2-2)/2 (w/2)ef-D [ 2 \*2 4’ 2
> (TS () ()
£-3 1+q 1+q " l1+q

£=3
cj(%'l’E'l; q)=2 jzo

m n 1
-C (—-1,—-1;-) j <0
-3 q J

[Ref. 29, p. 112]

6. n, m

See Ref. 29.
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III. StM

A. CENTRAL CHI SQUARE (+) CENTRAL CHI SQUARE

2 2
1. Independent o # oy

1 2 2
5( ) €N (0,01>, _)_{_( ) € Nm<0,02)
1) 2
o= 5V, ey = x(®)
o
Let s=r2+r2, c=——2-
1 2 o
i
a. n=1, m=1
2 2 2
G(s) 20'102 N crl 0'2 8(0‘1 + 02> .
- + 2 2 + 2y ! 4 22 -
0y + 0, o} + 0 LAl
b. n=2, m=2
G(s) = 21 5 -1-(1~e'°‘5)--1-(1-e'55) s 2
2|c] - o ¢ P
1l 2
where
o+0'-|62-crz’ 02+0'2+|0'2-2
o1 Y2 ;7 ~ Y2l 1’ % 1~ %2
= — B =
4 22 ! 4 20_2
€19 93%

SEL-65-079 - 18 -




ko ka1 ; 26202 J
a(s) = > 1 jz (-1)7(k+j-1): 1%2
B (k-l)! 2| 2 2| j! | 2 - 2!
o1~ %I/ j=0 %17 %
k-j-1 i
. 1 e_as 22 sk j-£-1
okd i (ke3-41) N
k-j-1 e fe fle
e -Bs gk-J £-1
+ (-1) % " © Tl sz0
w Far (e 1]
where
2,2 _ 2 2 4o+ |o? - o
o= 0y + 0y " 19 - 9 9t 9% 1~ %
= 4 2 2 ’ - 4 2 2
0,0, 0192
[Ref. 5, p. 134]
d n=n
e n=2, m=2k
2 \K 2\ k-1 j
o g,
1 s s 2 1
G(s) =1 - = exp {- —z]+exe |- 3N\ G-07
% " % 20, 20,/ \%/ ;=0 (=0
02 - 0’2 J )/
(G2 (a2) o a2 0
20102
[Ref. 5, p. 134]
- 19 - SEL-65-079

E

B BT Y Y Y Y e e ol et B ol 81 Bat 220 22 3a2P il 2P .8 aat Eat B @sd W p oW T R Ta® il



2. Dependent

Y
_)_(_(1) € Nn(o,af), g(z’ €N (0,02)
0'2 0,0 w w
! 1 %1% 11 12
M = ; E = M-l =
po, 0, 0’2 Y12 Va2
(1) (2)
) TR G
' 2 2
Let s = r1 + r2
a n=1
1/2
2 2
2|.Vl'1/2 [(w11 - w22) + 4w12J (w11 + “’92)5
(S) = W + \;.'—— A 7 W + W ’ 4 = s20
11 7 V22 117 V22
b n=23
1/2
w - -
G(s) = [¥] L.y L. ¢Ps s20
[ 2 2 ]172 o )
2|(wy - wap)" + 4w,
SEL-65-079 - 20 -
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where

Wk 3 3
] z (-1)9 (ke j-1)! (z)
K . K ! Y
2 (k-1)! 7 320
k-j-1 Iy
. 1 e-as ZE sk j-£-1
-1 1
o3 o (k-3-4-1)! o
k-j-1 K
_ } -j-4-1
S N b= ECAD Wsvue <3 L
B = (k-3-4-1)p J
where
1/2
2 2
7= [(wll - Wap) ¥ 4“&2]
1
. o = y {w11 * Woo - 7}
1
P =7 vy * Vg 7]

[Ref. 5, p. 134]
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B. CENTRAL CHI SQUARE {+) NON CENTRAL CHI SQUARE (INDEPENDENT)

(1) ( 2) (2) ( 2)
X €N, 5,01 , X € N \0,0,
1 2
a=lal, v e
Let w = v2 + r2
1l n=n
"2 r(3e ) (o Y
% 2t 3) [P " 9 a  Vw
G(w) = {— -q . |=,— w20
O ' 1“(3> o2 MIN\0G 9
j=0 2 2
2. n even, m even
= 2 r(3ed) (- &)
- ! 2t (%2 = % a Jw
G(w) ={— 1-0Q / -, wz0
Cy 51 F(g) o2 (min) /243 \oy ' o)
j=0 Y "\2 2
3 n, m
C. NON CENTRAL CHI-SQUARE (+) NON CENTRAL CHI SQUARE (INDEPENDENT)
W enfacd) £ enfod)
X € Nn 5,01 ’ X € Nm B,0'2
1 2
a=lal,  v=lel v o= 1EP v, =1
2 2
Let t = v1 + v2
SEL-65-079 - 22 -
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AR P P— + ﬂ+J>
1 b 2
G(t) = E— exp |- _2- z z
: 1
2 20, j=0 /=0 P ' J)j'
j 4
2 2 2
. b Ul 0-2 N Gl 1 2 \/; t20
- Q )
3 5 n+j+4 \ o T
20'2 °'1 . '

2. n_even, m even

@-(5 2 (< i

a Vi
. Q(m+n /2+J+E< ’ T ’

i
o

- 53 - SEL-65-079
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IV. DIFFERENCE

A. CENTRAL CHI SQUARE (-) CENTRAL CHI SQUARE

1. Indegendent

(1) ( 2) (2) ( 2)
X N 0,0'1 ) X € N\20,
(1) ix(2)
R e TR )
2 2
Let 8 = r1 - r2
a. n=1, m=1
b. n=2, m=2
e 2
o)
2 5 ©xp |- - s<0
+ a 262
91 % 9% 2
G(s) = {
0 1
1l - 3 exp \: 3 s 20
g, + O 20
9 1 2 1
SEL-65-079 - 924 -
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g k-1 k-j g2 2 J
exo |~ S‘ z (k+j-1)! 91%
B ©XP 2] L 3t (k-3-2-1)7\ 2 2
%2/ j=0 =0 O3 * 0Og
£+1 .
. (202) (-s)¥ -4 s<0
6(s) = ¢
k-1 k-j 2 2 \J
1 - _ .5 z z (k+j-1)! 20,0,
3, ©XP e 3t (k-3-4-1)T\ 2 = 2
%1/ j=0 =0 91 * Ty
1
L . (20’2) sk 3-4 s 20
1
where
k+1
o 1 1
~ (k-1)! ( 2 )
2 o'1 + 0'2
[Ref. 5, p. 134]
d n=m
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0'2 g
2 . 2| ©*P sz s<0
+ 02 262
2 \K 2 2\%
% 9p * Oy Vs
+2 1-20‘2+20'2 > l-Qk 0,—0_;
Oy Oy
02 02 1/2
2 s 17 Y2
— 2
+ 262 exp ) > Qk 0, 25 S s20
Oy 01%
where
2k'1 /ZJ
(0,b) = exp |- & ji (=
0, 3 it \2
j=0
[Ref. 5, p. 124]
£ n even m ; 2 = o2 =1
ven, even; 0y =0, =

(m-2)/2 m/2-k-1 (% + k- 1)

a3 2 2 ()
exp | o 3 - s <0
oft 2 SXP \3 zxk,(g _ 1)! 3! 2
k=0 j=0 ‘\2 '

G(s) = %

— sz20

[Ref. 13]
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2.

Dependent
(1) ( 2) (2) ( 2)
X € Nn Q,crl s X € Nn Q,crz
2 c- W w
% P01 9 11 i2
u = BN ES
2 w w
polcz Iy 12 22
(1) 2),
S T P O
2 2
Let s = rl - r2
a n=1
b n=2
L e (2 5)
oL exp \7 S s<0
G(s) =
2iW Q
1l - =L g (- s) s20
7% P\ g
where
1/2
2 2
7= [(“’11 + Wpp)” - 4“’12]
P - - — { , -

- 27 - SEL~65-079
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¢c. n =2k (even)

r k-1 k+j-1

- 3 1
Q (k+j-1)t  /2\ /4 _k-j-i-1
3y oxP (4 S):i 25 37 (k-j-£-1)1 (7) (a) (-s)
j=0 =0
s <0
G(s) = <
k-1 k-j-1 C g
. _B (k+4-1)1  (2\) (4 K-j-£-1
1 -3 exp ( 4 s) ZS 3! (k-j~£—17?’(7) (6> s
j=0  £=0
q sz0
where
|w|*
8 = ———————
k 2k(k-l)l 7k
1/2
7= [(wu * W2:2)2 i 4w§2]
@=7 -l mvgp) BT lryy -y
[Ref. 5, p. 134]
d. n

B. NON CENTRAL CHI SQUARE (-) CENTRAL "HI SQUARE (INDEPENDENT)

(1) 2) (2) ( 2)
X € Nn(é,cl ' X € N 10,0,
1 2)u
a=fal,  v=1EM e =
SEL-65-079 - 28 ~




Let w=V ~rT
) 1 n=1, =1
*, 2. n=2, =2
(
d exp _w_2 w<O0
Oy
. 2
aq1 - 255 + 2(0] + ) ew | ~5t— 1'Q<f"g‘;>
G(w) = ¢ 2(01 ¥ 02) 1 %
22,2 /2, , .2 1/2
W 2 - 2
+ 20, exp Q 2 ’ 55 v wzO0
L 20’2 0'1 (0'1 + 0'2) 0'10'2
where
i 2(o2 + %)
g - 2 . Oy * 204
S22 P . 2( 2 )
0 ¥ 9y o1\% T %2
[Ref. 23]
3 n=m
- 29 - SEL-65-079




1 2
( k-1 k-j-1
2 y/
L oexp [2¥ -2 z B 2 —1'-(-!) w<O
2 €xP 2 gl 3 2 2T \" 2
j=0 £=0
a(w) = {
—_— .- — w0
Y
[Ref. 13]
5. n =2k, m=2
r v
d exp 3 w<O0
202
k
2 2
g, + © 2
G(W)=<d 1-20‘2+2cr2 1 2 exp [—>—]]|1 - @ i,"'\/——v{
2 2 2 2(2 + 2) k C’l e
o, gy + 0,
a20-2 \/2 0’2+ 0‘2 M2
w 2 1 "2 -
+202€xP22Q‘x 22(2 z) \"=zz v vz0
o, oy{0] + o5 010,
where
2 k 2( 2 2)
o} a {o, + 20
d = exp | - 2 1
+ o2 4 < 2, 2)
01 % Oy 01\% * 9y
SEL-65-079 - 30 -




6. n even, m even; af:crg:l
r -
g\ (m/2)-1 5
S L 1 (n/2)-1 [ a”
2n72 xPp 2 Kk 2
k=0
(m/2)-k-1 .
: Ly wco
25 J: 2
G(W)=< J=0
wz0
k___.._.
[Ref. 13]
7. n, m
C. NON CENTRAL CHI SQUARE (-) NON CENTRAL CHI SQUARE
- 31 - SEL-65-079
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V. PRODUCT

A. GAUSSIAN WITH ZERO MEAN

1. Independent

i enfodd), 1@ enfod)
Let , = 5(1)' 5(z) - (.’.{.(l)’ §(z))
a, n=1

172
1 z)\
2 °XP (c/ z2<0
F(z) =
1-gem (-2 zzo
c n =2k, c¢= 0102
r e (E) k-1 k-j-1
P \c S S (ked-1)1  gebed(_yk-g-i-1
2k'2ck(k~1)! J.":) ﬁ‘:o 291 (k-j~£-1)!
F(z) = < z<0
(- 5) k-1 k-j-1
exp c s; (k+j-1)! J+ 41 k=34 1
1-21"2 K(k-1)1 =~ 2951 (k-j-i-1) ) )
¢ Jj=0 iI=0 3 J :

z =20

[Ref. 5, p. 134)
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e. Angle
4. 2. Dependent
1 2 2 2
AL (°'°1)' 22 ¢y (0,02)

Let ’ = (5(1), E(2))

F(z) = (

Llzxp - Z >

- 33 - SEL-65-079

a. n=1
b. n=2
(l_-_-ee z z<0
2z P 5,0,(1-p)
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. -~y -
- -
R TN

T
: -

B.

SEL-65-079

c. n=2k, ¢ = 010'2, d = \/wnwzz
1 k-1 k-j
) Z el (L
it (k-3-£-1 2d
2 (k 1)1k 0 4=
1
c(B) (e 2 <0
F(z) = <
k-1 k-j ( j
. k+j-1)! 1
1 g (k 1), 25 25 ! (k-3-2-1)! (2d)
£+l
~ . (-;-) zk-‘j-z-l z20
where
@ =d - ¥, = V¥i1%s ~ Y12
B=d+w,=u W+ W,
[Ref. 5, p. 134]
d. n
e. Angle

- e o —

GAUSSIAN WITH ONE NON ZERO MEAN (INDEPENDENT)

2)

P en @ao®, &

- 34 -

€ Nn(_Q,UZ), a =

LY




Let

F(z) =

3.

F(z)

Y

_ (é(l), 2{_(2))

( 2 R B it j-L-r
1 a 2 a
boo ()em(2)3 X T o St

20 ©/ j=0 4=0 r=0

( z <0
W

2 o 23 jiker

1 a Z

1-3exp <' 2> exp <’ '§>z E Z i 23+1& 2.2j-4-1

20 o/ - (%)
L j=0 > o

Z =
where
(3 + £)!

Cjzr =3V 30 8 (§-4-r)!
= 2k (even)

( y ©  k+j-l k+j-f-1
G =)=ty 2 3

j=0 /=0 r=0

23 (- )k+J -f-r-1
l’,+2j( 2,23~ ~f-r-1

RIS DIy

Jj=0

z <0

23 zk+3-1’,-r-1
2%23(02)23-/&-1--1
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C. GAUSSIAN WITH NON ZERO MEANS

djzr T3 (ke3-1)" 47 (k+j=L-r-1)"

RAYLEIGH (Xx) RAYLEIGH

1. Indegendent

Let

SEL-65-079
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(k+j+4-1)!

2
! r2 = ”K( )"
172’ ¢ =059
z z
F(z) =1 - c Kl(c) 2
- 36 ~

[Ref. 5, p. 134]

[Ref. 6]
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2. Dependent

E. RAYLEIGH (x) RICE (INDEPENDENT)

§(1) €N (A,ci), g(z) €N (0,02)
1 2
a=lal, v=lx®, 122
b % -
Let u = vy
1. n=1, m=1

9 2j j+l
B @) G ) -
= — uz
Je 201 0,9, J+1 0,9,

F. RICE (x) RICE

- 37 - SEL-65-079
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A.

B.

GAUSSIAN

RAYLEICH

1, n=1

I. FUNDAMENTAL VARIABLES
X € Nl(a,cz)
fx-a}z
£(x) = exp |- 5
20

[{k-1)/2] 2
2 _ k! o
51 29/ (k-23)!
j=0
2-
XeN (0,07, r = |ixfi, s
rZ
£f(r) = exp |- —3 r
2n0 2o
2
k (20’ ’ / Ko+ MY
Er = r < 5 / kK

[
(=}

v
o
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2
f(r) = J% exp <— Ji§>
g 20

<]
2]
~
)
—
[\
Q
N
~r
w
~
[\V]
=3
—
|=

2. n =2k (evea)

2k-1
i(r) = 2r

Y
Mk + =
Bt = (202)3/2 <k-1 ?)

b (1) =< :

4. n
( ) ”rn-I
£(r) = = e
2

k 2\k/2 P(n ; k>
Er (20°) —_

()

2

SEL-65-079 - 40 -

2
o ( 2
(202)k (k-1)! 202

k
1l - 2iu02>

[Ref. 24. p. 29]

[Ref 24, p. 72]




n/2
1
¥ = | m————
S(u) (1 - Ziu02>

C. RICE

XeN (a,00), a=al,  velxi, ¢

I
<

Hh
~
<
-
1]
N
b=
:‘
g
/.\
<
[\]
a |+
N
o]

N
g
[0
]
k=]

TN
%l
~——
+
[¢]
£
©
AN
%ol
N
\—/’
<
i
o

ARG e 1.2,

<
ot
~~
+
S
|
T
(-
]
N
P
=
a
\_/H
S~
N
2
=}
AN
[
[}
e
N |E
B e
= [
q
v

2 n=2
v V2 + az va
-~ — - ——— a— 2
f(v) = - exp 5 I, vzo
J 20 g
{
!° 2 2
X BF = (2<72)k/2 exp (- == 1‘(-1- k+1) Fld k+l, 1; ==
2 2 171\ 2 2
. 20 20
o .
! ) 1 iﬂaz \
. v (n) = {——3) exo :)
1 - 2iuc 1 - 2iuo
.
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3. n=2 (even)

f(v) k - ﬁ_*'_.?_?_‘ I .V_a\ vzo
= 2 k 1 P oo k-1 cr2) <

Y
2\ Mk + = 2
Evla = (202))?’/2 exp < a2> Sk-l)?) 1F1<k + -g; k; —%) 2zo0

20

1 § i a.2
‘lft(il) =\T 3] exp —*‘E—‘E
1 - 2ipc 1 - 2iuc

4. n =2k +1 (odd)

k-1 J
.k 2 2 J 2
1 v v 4+ a va (-1)Y (k+j-1)! <U >
= - exp - m———— exp |\ — 1 Y 1
- (a) < 902 > <Uz> Z 3! (k-j3-1)' \2va

k-1 j
. ( )k va (k+j-1)! o2 ’ -
AL exp (- Z i! (k-3-1)! \2va Ve
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R

O
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D. JOINT DENSITIES
1. Gaussian

a. Let
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b. Let

-
Hy
Ho
u=.
Hn
Then,
' 1.
v,(0) = exp (10 - 3 UK 1)
c. For n=2, A=0,
2
g oo
!{_ =
2 2
oo o
g
0 k, + k, odd
Eykl ykz .\(kz’kl)/z (k +k,)
= 2 ' t
1 72 (2; 9 kl. kz.
Ky k,-2J
1
‘ (24) p k. + k. even
. y ot [ox , L
. §=0 (5! 27)7 (k -24)! (25 + 5 k, 2 k)
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Rayleigh

1 2 2 2
O nfod) 1 cnfod)
2 G w w
% R919, 11 12
M = ; -V_J = M-l =
2 w w
pcrlcr2 9, 12 22
1 2
Let L e

n/2
(r,7,

f(rl,rz) = (21“'12') (n-2)/2 Imnﬁ F(%) exp <' %(Wuri + w22r§)>

. I(n-2)/2 (rlrzlwlzl) rl,rz 20

[Ref. 24, p. 34)

\ n+k n+ k
K K 2(k1+k21/2lﬂln/2 1.,( > 1)?( 2>

Er i r 2 2
2 w(n+k1)/2 w(n+k2)/2 FZ(E)
11 22 2
3 - n+k, n+k w2
' .« F 1 2 n, _12 k ,k, >0
. ? 1 ? ?
. 2’1 2 2 27 Wy W, 1772
” [Ref. 24, p. 73]
M -
: 3. Rice
) 1 2 2 2
o 3( ) € Nn(&,cl), 5( ) 3 N(ﬁ,cz)
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% P99 Y11 Y12
M = ; ! = M-l =
2 w w
palaz 02 12 22
vt a=fal, v, =x®M, v, = @)
p=t - 2 —
n-2 (1/2)(n-2)
Y1Y2 F('E') 2
n/2
LY ¢ ¥1"12%

. e -~l(w v vz) B N )a2
P AT 2\M11Y1 * VapVa) T g Wy + W,

> n+j-3
' EE (-1)? (% n+J - 1) ( ) L(1/2)ne3-1{"1"2%2)

j=0 n-3

" T 2)neg-10 ) L(1/2)ne3-1(V2™

where

[Ref. 24, p. 32]
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I1. RATIC

A. GAUSSIAN/GAUSSIAN

% P19
2 2
X € Nl(a,cl), y € Nl(b,cz), M=
2
e & O
[0)
Let Z = X’ e = _.2
X o)
1
1. Indegendent
p=0
a a=b=0
C
t(z) = —5~—
n{c® + =2°)
¥ (u) = e MM
b. a#0, b=0
£(2) = 102 exp {( a2 . a02 /,
- 2 2 2) 2 3/2
“(02 * 0,2 \ 20,/ Jox (cg + oz )
22 acz
* exp |- 2.2 erf 2 7
2 2 2 1/2
2(0‘ + o2z ) ( 2 22
2 1 \ﬁ 0'102 02 + clz )

L}

[Ref. 4, p. 60]
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N
»
q

29
P
N
g
{
(=
[X)
N
\_/
]
o
k-]
1
[
Q Jo
NN‘N

2 2

(b_- a222 ac, + bo)z
* exp {- ) 3 2 erf

2(0 + 0.2 ) ( 2 2 2

2 1 V2 0102 62 + Glz

/2
)

[Ref. 4, p. 60]
2. Dependent

C(}-AQZ)I/Z

n(c2 - 2pcz + z2)

f(z) =

¥, (1) = exp <iupc - uj@a - o2)/2 c)

92
o,c, (1 - p2)1/2 2 apo.z - ag,
2(2) = -5~ 2,2) 7P\ 52 —5 ) - : 3/3
n(62 ) 2p201024'612 201(1- e”) v2n (G§~ 2pclczz+-cizz)

2 2
. exp - az
2(0'2 - 200,0.Z + 0222>
g = “F01% 1

2
as,0,0z - ad,

* erf 1/2

- &) (F - 2 2)
V2 0102(1 ) T, - 20,0,0Z + 0)2
SEL-65-079 - 48 -
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2,1/2
: \ 0,0,(1- 0% 1 b>  2pab  a°
£(z) = exp |- ——5- |73 " 2
(02 - 200,07 + 02 ) 2(1- 2) od 1% o
u
. cz(bclp- acrz) + zcl(ap - DGI) exp | - 1 (b - za)2
2 2 213/2 2\e? - 20,00 + 0222
Ver (o, - 200 0,2+ 07z 2 12 1

cz(pbcl - aaz) + zcrl(pacr2 - bcl)
« erf 1/2
V2 oo (1- 2) (crz- 2ccrz+o*222>
172\ 7P 2 ~ “P%%2 1

[Ref. 4, p. 60]

B. GAUSSIAN/RAYLEIGH (INDEPENDENT)

2 ) 2
xen(0,6?);  xenfodd); r=lx
0]
Let z = Ea c = —g
1 r g
1
w
1 n=1
. i(z) = <
(1l + c2z2)
¥, (u) = e Iul/e
2 n=2
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IS WXL s s A i N S A A ST N N T T M

2c
£(z) = —————
a(l + czzz)2

<1 . J%l> o lul/e

I}

¥ (1)

4. n =2k (even)

cr‘(kaf%)

= ﬁ (k.l)! (1 + 0222)k+(1/2)

(z)

5. n
.Iil)
£(z) = 1\ = ( 22 2,(n+1)/2 © /1 1 < 2 2, (n+1)/2
\/;1"(— (1 + c“29) B(-n,-)(1+cz)
2/ 272
[Ref. 24, p. 57]
C. GAUSSIAN/RICE (INDEPENDENT)
2 2
X € Nl(o,cl), Xe Nn(é,cz), a = ||, v = X
g
Let q = 3\:— , c = 3‘3
1
1 n=1
g,0 2 a20'2
£(q) 1 2 exp (- 2= ).¥.[1 1 1
(02 . o2 2) 22 LI\ 2’ 202(02 . o2 2)
T\0y * Tp4 2 2\% * 921
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3. n =2k (even)

T KTV BT h o ea o

2 2 2
0102 oxp | - 2 oy + 202q
3/2 2 22
2(62 N c2q ) 402 gy + 054
1 2
202 202
. 1+ ~ 1 |
20 (02 + 02 ) 0 40 (02 + 02 )
2\%1 * %28 2\% * %1
202 202
a 0y a o,
+ I
20 <02 + O ) 1 40 (02 + O )
2\71 * %24 2\%1 T %1
a
k+(1/2)
o
1 s 2
UlB<k, 2) 1+ 02 z
1
2 azcz
* exp {- 2_1.F [k + 1 k 1
262 11 2" 202(02 + 02 )
. “C2 2\%1 * 91
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[Ret. 24, p. 56]

D. RAYLEIGH/RAYLEIGH

1. Independent

orfod) 1 enfocd)
2" en (0,0]), X e (0,0,
1) 2
ro= 5 ey = 12
r (¢}
Let z = ;2 s c = 53
1
a n=ms=1
£(z) = 2¢ z20
2 2
a(c® + 2%)
‘!/z(“) = e"IH|C
SEL-65~079 - 52 -
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_ ?sz-l c?k
£{z) = : z20
. 1 2 2.k+(1/2
B30 ) (oF 2P
d n=m=2
2
2z¢c
£(z) = 3 =5 220
(¢ + 2°)
Ez = é% [Ref. 24, p. 73]
e n=n
22n-1 cn
£(z) = 3(5 2) I z 20
2, ) + Z
n+k n-k
,, o T3 (%)
] Ez = 1/2 0sksn
N & [r(3)]
0 ' \2
f. n even, m even
2zm-l om
£(z) = - z20
3. 3) (& AP
[Ref. 24, p. 52}
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g. n odd, m even
Same as £,

h, n odd, m odd
Same as f.

i, n, m

Same as T,

2. Dependent

Vo) 10 enfod)
e N (0,07), X% en (0,0,
0'2 [ae) W, W,
1 Pe1% 11 12
M = ’ E = @_-1 =
2 w w
po,0, o, 12 22
1 2
R A R OOl
r
Let z = 2
1
a. n=1
2iﬂ|1/2<wn N “’2222>
£(z) = 3 =1 220
(w + W z2) - 4w2 z2
Y1 * Yo 12
SEL~65-079 - 54 -
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b n=2
£(z) = 24| (“’11 t Wao? ) 220
2
N [(“11 T WpgZ ) } 4“12""]
b »
X 2
¢ Ez = 4] = F(S, L1 "12
) b y ?
2“1372 w 2°1\2’ 2 ¥ Yoo
11 22
c n =2k
]
2m|k 22k 1 (w + W 22)
£(z) = 11 22 z 20
2 k+(1/2) =
2 2 2]
B(k,k, [(wl1 + w221, ) - 4w122
p__lw ol « e - 5) b s,
Ez” = Filk +=,k - 2, k; —— 0= 4<2k
b k' 2 b4 ’ b
‘ W (8/2) (z/)[(k_l)!]z 21 2 2 W1 ¥oo
11 22
]
d. n
2|W!n/2 zn-l(w + W 22>
i £(2) = = 11 22 z 20
y 9 (n+1)/2 =
B\/ln }-n) (w + W zz) - 4w2 '/2
\27 2 11 22 12°
" [Ref. 24, p. 50)
- n/2 (n-l»k) <n-k> 2
- . h‘-’-l r 2 T 2 n+k -k n w12 .
52 = p z 2f1\"z ' 2 '3 w_.w 0sk~<n
Sn¥k) /2 (n-k)/2 P(g_) 11 22
11 22 2
[Ref. 24, p. 73]
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E. RICE/RAYLEIGH (INDEPENDENT)

(1) 2) (2) 2)
e N (9,07), X e Nm(g,crz
qg,
1 2 2
R Tl P
1
Let u =Z
r
1. n=1, m=1
20_0, 2 u2b202
12 b 1 1
f(u) = exp {- — }.F. [1, =; uzo
n(cz + czuz) 20‘2 11 2 20 (c + 02u2)
27 "1 2 2 1
2 n=1 m=s2
u0‘20' 2 2
12 o)
£(u) = 373 X <— —3;-5—> ((1+208)1(08) + 2081, (0B)) uzo0
2 22
(0’ +0.u
27 "1
where

l
d
:
; SEL-65-079 - 56 -
l

3 d ' B 0w BB . 2 .30 B P BT P HNY OB . . e . Sl Tl ®. R T
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3. n=1, m=2k (even)
2 2k-1 2k6 2 u2b20‘2
: £(u) = 1 2 exp |- b F k+-1- k 1
= ke (1/2) =P 2 171\ T2 % 2 2
B( k) (cr . 02‘12) 202 20’2 g, + 0u
. 27 /\"27 "1
e, uzo
i
4 n=2, m=2
Zuazcz 2 uzbzcr2
12 b 1
f(u) = exp |- 1+ uzo
2 2 2 2 2
2 2{0, + o,u 20, {0, + Oo,u
g, + o,u 2 1 2 1
2 1
S n=nm
2u™ 1R 2 u?p?e?
1°2 b n 1 -
£(u) = exp |- — }.F.\n, 5; uzo
n 2111 2 2 2 2
B(B g_) (02 . quz) 20, 20,(0, + Oju
2'2 2 1l
6. n even, m even
2um—l 0_mcn
£(u) = 1°2
B(B '—"-) (c + quz)(mn)/z
2'2 2 1
- 2 uzbZO'2
b mn n 1
Bl W) RS S 2 uz0
' 202 202 (0'2 + Glu )
’ [Ref. 24, p. 52]
A
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LK .

7. n odd, m even

Same as 6.
8 n, m

Same as 6.

F. RICE/RICE (INDEPENDENT)

1 2 2 2
P enfad). 1 enfod)
1 2
a=lal, w=lel vy =M v, = @)
v
Let q= ;—2
1

o0 o0
T s H Y G4 | b S o 1
q—c +022xp 2 \e? o2 I‘(k+l)I‘( l)
2 ¥ 914 °y %%//x=0 j=0 ‘I 2) T\J+3
2,2 k 2,2 2 J
. 2 1 1 Q20
2crf 202 (cz . o2 2)"*3
2 ¥ 09
(or Differentiate Distribution)
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2 4
2q0’ 0, 2.2, ,2
t(q) = 2P\~ T3 22
(02 + 0 2) 2(02 + qu )
. a2t 04
L;
¢ 204, 02,2,
5 . 1 2 1 1 qab + qab
+20'20'2(0'2+0' ) 0 02+02 02+0‘
1%2\% * 94 2 ¥ 0,4 2 99
. —_9qab >
! 0'2 + 0'2 2 17 °
2+ 0,9
i 3. n=nmn= 2k
2 .2
k ab 1fa b
2a) = (0* 325 () e |- (% %
1%2 9 9%
K 2 .2
a |1 1 /a - 2 a
] o —— —_— s - _9qad% >
ok |20 P 4h\02+02q Ieaa X @20
1 2 172/
‘ 2
evaluated at h =-;— 'lz' + 9-2- [Ref. 24, p. 52]
0'1 0'2
' .
r
A
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=1
t
[
=]
=]
[\V)
g
8

. 24 0,0, 1 (a2 b (n+k+j-1)!
£(q) = n P\ 2\ 2t 2 ' n n
? -— -
(0'§+0'§q2) \ 7 %//x0o jo ¥ J‘F(z*k> P(z*J)
2 2 k 2.2 2 J
. 2\ (225 1 qz0
2cf 202 (Gz N )k"J
2 ¥ 51
5. n even, m even
m-1 mn
£(q) = il exp |- 2 e + PE
(0_2 2 2>(m+nY/2 2 o_f 0_;
2 ¥ 91
k J
© o0 m+n 2 2 2.2 2
'? z I‘(2+k+3) ac72 qbo‘1
L 2 (o
k=0 §=0 k.j.I‘2+k I‘2+j 201 20‘2
1
. qz0
(2 + o22)
2 7 09
[Ref. 24, p. 51]
(or Differentiate Distribution)
6. n, m

Same as 5.

G. JOINT DENSITY
x(¥ ¢ Nn(g,az), ) ey (g,az)
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L‘—-’m- - - .-

c po. 0

1 12
M = :
0.0 02
PP % 2
. Also
L Y
(3) ( 2
X <N g’cl)’
1l 2).
o= x = 1@
4
r
Let z1 = ;Q
1
Here r and r

r and r
r and r

r and r

4]¥]"(z)2,)"

and

are

are

are

are

independent
independent
related by

related by

PZ(%) [w11w22(1+zl)2(1+22)2]n

P

k=0 j=0

k+j

- 61 -~

S ArC Iy e ¢ a1 FUPL D AT LM 1T TR AP AR MR T S TR BT AL TR YT 17T AT TR A

11 12

12 22

—
=

[(n+k+j-1)!]2

k! 3! 1‘(% + k) I‘(-% + J)

23 >
(lez) 21’22 - 0

[Ref. 24, p. 54)
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III. SuM

A. CENTRAL CHI SQUARE (+) CENTRAL CHI SQUARE

2 2
1. Independent o # Oy

(1) ( 2). (2) ( 2)
X €N, 0,01 ; X € N;\0,0,
1 2
o= kM ry = @)
g
A Let s = ri + rz , c = 2
1

a. n=m=1
(c + oz)s o - 2ls
1 1 2 1 2
s(e) = 20,0, TP \T T 4 o 40262 =20
. 1%2 1%2
2k+1 2k+1 2k+1 / 2 2 2
1 -
Esk_z kiop 7o, p ikl ko (%279 ‘s 0
= K+1 21\ 22t By T3 =
(02 + 02) 0, + 9
1 2
1/2
K 1
¥ () = 3 5
(1 - 21p.crl) (1 - Zip.crz)
b, n=m=2
|
(0‘2+0‘2)S [ lo] - o5|s |o -crzls
g(s) = —5"—5=exp |- 1222 exp 122 T exp |- 122
2|o] - oy 4070, \ 4070, 40},
s 20
SEL-65-079 - 62 -
i
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D22 (11 yy G222k 2. 2
£k - 1 2 plk,, k3 3 (72771 K=o
s = . K+2 271l 2 T2 02\ T2 2 =
(cr + 02> 91+ 9
‘. 1 2
1
! =
s () (1 - 21 02> (1 - 2i 02)
HOy HOo
c n=nmn-= 2k
k 2 2 /12 =2
(&) 1 . o] + 0, )s s|o] - o
gls) = exp |~ ———F—F— ]{exp
s(k-1)! 2 2 2 2 K 2 2
2la] - o, 4070, 4070,
k-1 . 96202 J Icz 52
. z (-1)9 (k+j-1)! 1%2 e (-1 exp | - 519 7 99
3! (k+j-1)° (02_ 62)5 *P 10202
j=0 1” % 1%2
k-1 5522 ¥
. z (k+j=-1)! 12 >0
3t (k-j-1)° '02 cr2| s =
j=0 1~ %2
g2k+2 (2Kk+4-1)" G2k+20 2k+24
Bs? = 1 2
- o o 2k+/
- 1
(2k-1)! (014- 02)
2 2 2
£ £+l 1. {2 "1 -
. 2F1k+2,k+2,k+—2-, ————02+02 £z0
) 1+ %2
K
1
. v_(u) = - ~
s 2 N 2
(1 - 21,401) (1 zmcz)
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2 2
40102
|cr2 - o2ls
1 1 2 s 20
(n-1)/2 40262 =
172
i+ 2k (n+k-1)! gtk 2k .
k 1 2
Es =
kin
(n-1)! (02+ 02>
1 2
2 - o2 2
. F n+k n+k+l n 1 2 kK20
271 2 2 ' 2 0_2 + 0‘2 -
1l 2
[Ref. 24, p. 74]
n/2
1
v () = 5 5
(1 - Zlucl) (1 - 21u0’2)
e. n=2, m=2k
2k-~-2
2 s
g(s) = exp (- —
k 2
2(0 - 02) 20y
2 1
s(cr2 - crz> k-1 q(crz - c) ’
. 2 1 1 [7\'2 1 >
exp 335 " 3—, 25 s20
20,0 ) 20,0
12 j=0 172
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e W B W itV s L Lo i ey

s P gl M g SR O

k
1 1
1 - 2ipg 1 - 2ipo, [
1 2/
: i n, m
2 2
s(n+m 2)/2 o (- =) p (= nm 6’2 i cr1>s s 20
(n+m)/2 n m (EiE) 2f1171\2’ 2 ° 2 2 -
2 102 r > 201 20102
[Ref. 24, p. 61]
n/2 m/2
1 1
v_(u) =
s 1 - 2iuc> 1 - 2ipo>
HOy HOg
Dependent
X(l) €N <0,02>, x(z) €N (0,02)
= 1 = 2
02 0.0 w
1 P91% 11 12
M = N ﬂ = M-l =
w
010, a, 12 22
1) 2
S T
2 2
Let s = r1 + r2
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kil k50, kzo0
22 (w., +w,_,)
11 22
1/2
( | ]
¥ (1) =
s 2 . 2 . 2 22
(0'2 - 214|M|> (Ul - 21u|_1\£l>- p 0,0,
b n=2
g(s) = 1 (e’ - P9y s20
172
2|yM| [(w W + 4wl ]
- 11 22 12
C=2lw. +w -[(w -w, )" + 4w 2
4 11 22 11 22 12
B:-l-w + W +[(w +w)2+4w ]1/2
4 11 22 il 22 12
2 2
K 2252 (1,1)1 k ko3 3 (Mg 7 Vop)T + AWy
Es Flo-+1, 5,55 k20
|MI(W W )k+2 2°1\2 2 2 (W o
11 22 11 22
(1) L
v (n) =
s 2 L 2 222
(0‘2 - 21,1;{\1[) (0'1 - Ziul_l\_/l_|) -p 0'102
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e Te - Lact 3 > ad — " L W RA . TR

k-1 k-1 : -
o(s) = s 08 z (-1)? (k+j-1)! (_2__)J
ST K feiq) R it (k-3-1)0 \sy
(2|4])" (k-1)! 7y =
k-1 j
Kk _-Bs k+j-1)! (_g_) 5
PP i (B =20
1/2
7—|—(w w)2+4w2-l/
011 T Yoz 12
1
@ =7 [y + Wy - 7]
1
B =3 ¥y + Wy + 7]
i p2k+2) (2k+f-1)"
Es® =% K+
- 1 -
Wl (2k-1)t (wyy + w,,
2 2
(w v. )" + 4w
-2F1k+4§,k+%}-,k+—;—; 11 22 12 £=z0
. (wyq + oo
k
|
¥ (u) =
s 2 .. 2 .. 2 2 2
(02 - z1u|ﬂ0\¢1 - 21uIE|) - p 0102
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[Ref. 24, p. 58]

ek o o 2K (1 k-1)!
T /2 oy . \n+k
[2] (n-21)! (wl1 + 'v22)
2 2
. ek nelel el (P11 7 Vaa! ¢ ¥ .
2F1 2 ' 2 ?* 2°”° 2 k=0
. (wn-e-w )

[Ref. 24, p. 74]

n/2
v _(u) = (V x|
) \(Ug B ZiNIMI) (Uf - 21!-1|_N1|) - pzc c

- N
NN

B. CENTRAL CHI SQUARE (+) NON CENTRAL CHI SQUARE (INDEPENDENT)

(1) 2 2 2
e fac]) 2 <o)
1 2.
el v =M e =
Let w = v2 + r2
.
&
V.,i;
. SEL-65-079 - 68 -

R IR ORI RIS WA i ety Rt
“'}‘o t‘c't-‘»’!‘- .g", W :i'l‘ 0 ‘E‘g\vlg q’} a‘.‘t c’ s\‘! 2 C%I'gf)':t‘th&“eg'f‘;‘é "& *ii g') ' % &‘l gi! y£ Q‘Q’f‘. g’i'{‘l’ "l‘ % “4&"3 1{“‘;“’1“

'\( . : /

- l
"‘t‘:‘l‘tff

.
9.



% \
ZP<-2-+J/(\/TV—<62-01) \/;a -

L, P(ﬂ) 0~2 n+j-1 o_2 W=
j=o0 9 *\3) \ a0y 1

n/2
1 ., 2
by (k) = 2 | el
(1 - 2iu62)(1 - Ziuol) l - Ziudl

2. n even, m even

o\ (m+n-2)/4 9

(w) = = [2) (% exp |- ¥+ 2
ewWw) =3\ / \ 2 *P 2
201 2 a 20

S r(B+3) (V7 (2 - o)\ /x s

i, A
,, _n_\) 2 {(men)/2]+3-1 2
§=0 J'F(z \ ady 1
[Ref. 24, p. 60]
m/2 n/2
2
v (u) = [—2— —1 exp -*-3-‘53-—\
v 1 - 2ipcs 1 - 2iuc” 1 - 2iu0>
1u02 iuoy 1u61/

Same as 2.
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C. NON CENTRAL CHI SQUARE (+) NON CENTRAL CHI SQUARE (INDEPENDENT)

(1) / 2) (2) 2)
X € Nn(_A_,ol , X'“e N (B,cr2
1 2
a=lal, b=l v =P v, =
Let t = v? + vg
l. n=n
(n-1)/2 n
1 [t % t 1 (a2 b2
8(t) =53 g B e ¥ L B il W Rl
20'1 a 2 20'1 0'1 0'2
; yA
0 00 I‘(E + ¥ + J’) 2 2 J ( 2 __2
.z z 2 \/?bcrl ‘/;02'“"1)
roar (B 4 2
j=0 4=0 k. j.1(2+J) Zaa,cr2 a.(:r2
Jt a
In+j+18-1 2 t20
g
1
n/2
1 iEaz :i.Eb2
v, (u) = - exp exp
t (1 - 2 02)(1 -2 '02) 1 - 2102 1 - 2100
ip 1 L 2 H 1 MO,
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2. n even, m even

(n+m-2) /4 5\ 2 9

1 [t 1 t 1[a” b

g(t) = =5 |3 ) e \-—glew (-5 |5+ 3
20’l 1

2
a 2 20 ' 0‘1 02
0 0 m - 2 2 J 2 2 £
z z P(§+J+£> \/-tbcl Jt—(02-01>
.+ ay nfM ) 2 2
j=0 =0 Ji oxl! I‘(z + 2a02 \ a0'2
Vt a
. t=z20
I[(n+m)/2]+j+,€-1 2
o
1
[Ref. 24, p. 59]
n/2 m/2
1 1 J’.Ea2 ip.b2
¥ (u) = 5 —3 exp — | exp T,
1 - 21u01 1 - 21p02 l - 21,101 1 - 1p.02
3 n, m
Same as 2.
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IV. DIFFERENCE

A. CENTRAL CHI SQUARE (-) CENTRAL CHI SQUARE

1. Indegendent

x(l) € N (0,0‘2), x(z) €N (0,02)
= 1 = 2
1 2
A e PO
2 2
Let s = r1 - r2

632 . 02)3 (62 + cz)s
g(s) = —L— exp [- L2 Y7 . 1 2
T 2n0.0 2 2 0 2 2
1°2 4050, 40)0,
1/2
1
\—
Yslk) = (1-21 oz)(1+21 02)
HO HOy
b. n=m=2
s<a -G > + ]s|<02 + 0 )
(s) N B v T 1" %
Ny ) 2( 2 + 02> P 40202
9 * % 1%2
1
¥ (u) =

D1+ 2103)
(1 2iucl) 1+ 2ip02
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g(s) =

k-1

/s s(02 - o%) + |s|(? + 02)
1 ( oxp [- —-2— 1 1" "2
2 2\, ., ( 2 2) 22
2(01 + 02)(k 1)! \2 o] + 0, 40] 7,
k-1 20242 J
] :S (k+j-1)! 12
!t (k-j-1)! ( 2 2)
i [s| (0] + o
Kk
1
v (u) = \
s . 2 . 2
(1 - 21p01)(1 + 21p02)
d n=mn
-1)/2
[s] (-2} (02 - 02)5
1 oxo |- L2 1
2 2 n 2(0 4 c) P 40’20‘2
™ —
2 /ncrl 9 .(2) 2 172
(02 + Gz)lsl
- 1'%
(n-3)/2 2 2
40162
n/2

Vsl = (1 - 2ipq§)(1 + Ziucg)/
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e. n = 2k, m=2
-(1/
(" (-s)K (1,2)exp 'EE K
20
2 22 T—ELT_
, 1/2 k-3):
2k+(1/2) c?k ls (o2 + 02) [(.k'l)!]z J=0
i 2171 2
J
2%
. - s =90
s(o? + 72)
g(s) = §
' o o2l . s
1 % *P 2
20
1 s20
(25)1/2 (0'2 + 02)k+(1/2)
1% 9%
Kk
1 1
‘st(u) = 2 2
| 1 - 2iugy [\l + 2iuo,
; SEL-65-079 -4 -
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f. n even, m even

- (2 - )
(-e)'® ~-4)/4 exp |- ~2—1
40262
12
(n+m) /4
(m+n)/4 n mf{1l 1 (m)
2 % % i 2 ™32
1 2
s(o2 + o)
. w( -n)/a( -2)/4 12 D) 2 s <0
m-n)/4(n+m-2)/ 2625
172
g(s) = <
(- ).
(mn-4)/4 exp |- L2 Y7
40202
172
(m+n) /4
(m¢n)/4 n m{1 1 (3)
2 % % 2t 2 T2
1l 2
(s )
1t % -0
. w e —— S =
(n-m)/4, (n+m-2) /4 26202
9 12
[Ref. 24, p. 65]
n/2 m/2
! ; 1 1
n S(“) = 2 2
1 - 21;01 1+ 21u62
g. n, m

Same as f.
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(1) 2) (2) 2)
X\ e Nn<g,cl , X\ e Nn(g_,cz
I, % Y11 Y12
, !I- = M-l =
2 w w
1% o, 12 22
1 2)
o= X, wy = x®)
2 [( \ 2 11/2
Ty " Tar 7= Wy F W) - 4“’12]
oo |- (v = Wypls
(o) = — : <'S'7>
g(s) = K
2“|M|1/2 o\ 4
1/2
v ) ||
u =
s 2 2 . 222
(0'2 - Ziu{_l‘ﬁl) (0'1 + 21;.1]!4_]) " P00,
n =2
-
2 e (5)
IMI ) s <0
g(s) = §

VI I e




G =7 - (wyy = W), B =7+ (W - vyp)

||

Ylh) = (o2 - 2aulul) (o + 2iplu]) - p’o2o’

,S'k-l exp <? (wyy - w22)s>
a

els) = (k-1)1 2 |m|* ¥

sls|\ K2 ( ) , j
k+-1‘
= () 3 e ()

= |s]7
k
" | ]
B =\T2 2 . 222
s (0-2 - 2ip !MI) (0'1 + 21,u.|M|> - p 00,

o B2 ( _(._li__\i?}_)_>

4

71s]
g(s) = /;F(%) 2(n+l)/2 |M|n/2 7(11-'1)/2 K(n-l)/z <T>

[Ref. 24, p. 61]

n/2
||

-

¥ (u) =

2} 222

(o‘i - 21;.1’\1[) (02 + 21u|M|> o) 0'102
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B. NON CENTRAL CHI SQUARE (-) CENTRAL CHI SQUARE (INDEPENDENT)

P Nn(A_»Gf), ZS(Z) c Nm(g,cg)
a=lal,  v=1E®) e =@
Let W = v2 - r2

| (5 - )
2 o, - O,))w
a 2 1
@\ 2 T ) i/2
20 40,0, ~wa o,
1 12 ES 1 2
1/2 LB 6( 2 2
n[—Zw(c + 02)] j=0 801 Og * cy1)
)
(0‘2 + Gz)w
1 "2
W w<O0
-k/2,k/2 2 2
20102
g(w) = <
2 (62 -
exp {- - 3 | =xp 5 42
201 40‘10' 1 wa 0'2
7 1) W6 )
[2w<«2 s c2)] 3! F(J +35) \so (o] + o}
17 "2
<0‘ + GZ)W
1”72
2
Ye/2,x/z 2 3 w=0
g
172
~
1/2
1 i az
¥, (u) = 3 5 exp | —5—
(1 - 21u0‘1>(1 + 2iu02) 1l -~ Ziucrl
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o . il sl - e,

- A

r
_c§ exp _lé ws0
202 262
g(w) = <
a2o? Y2 w(cz + 02> 2
C w 2 1 2
22 " \eo2 ) \E( + ) X "o
| “%2 2 1\% * %2 1%2
[Ref. 23]
where
2 2/ 2 2)
02 a (o + 201
a2 )
crl + UZ 40‘1 crl + 0’2
1 i a2
¥ (u) = exp =
w (1 - 2i cz)<1 + 2ipo ) 1 - 2ipo>
1Oy HOg Oy
- 79 - SEL-65-079

S R Y e R e T N, B B BV s T LA A mta 4% RTa B a.l




( : (6% - o)
(“W) (n‘Z)/z exp |- _'_2 exp | - 2 3 21 o
2]
‘Gl 4010-2 Z _1_
2 H
) ot )
2 o] + 0, r 3 j=0
42 \I/2 2 2
-wa 0'2 (Gl + 0-2>w
W - — w<O0
6/ 2 2 -i/2,(n+3-2)/2 22
801 <Ul + 02) 20102
g(w) = ¢
\ (o2 - 2)
(n-2)/2 a 2 ~ Q)"
w eXp |- T35 )exp |- 2 2 )
20'1 40'10'2 2 1
n/2 n
2 /2 2 it {3+ 3
0/ (6% + ) L o5r(3s )
42 J/Z 2 2
wa @ (G + g )w
. 2 W o 12/ wzo
6/ 2 2 i/2,(n+j-2)/2 2 2 B
. 89y <°1 * Gz) 291%
n/2
1 ip.a2
b, (1) = \< — —3 exp | ——
1 - 21u01) (1 + 21;.10‘2) 1- 211.10'1
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—

( 2 2
(k-1)/2 8> (°2 - °1)w
(-w) exp |-~ )P\ — 335 | o
201 40102 Z 1
(k+1)/2 31 (k-1)!
j=0
(k#1)/2 2 2k (1 1 J
2 0'10‘2 02 + 2
1 %2
-Wa40'2 J/z 0'2 + 0'2)“?
806(02 +202> ¥(k-5-1)/2, (ke 3) /2 \~ :02022 w<o
1\% * 9 1%2
g(w) = {
2 2)
(x-1)/2 8 (“2 A
" i el Ll S '
20 40
1 1%2 1
(k+1) /2 FHEE
Je1)/2 22k (11 3=0
12 \ 27 2
1 %
42 i/ 2 2
wa 0'2 0'1 + 0'2 w
‘\T6/2 2 w(1+j-k)/2 (k+j)/2 2 2 weo
80 (0, + 0 ) ! 20,0
L IV 2 172
k
2
1 i
¥, (k) = 5 A ) e (2
1 - 21007/ \1 + 2iud] 1 - 2iuo]
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22\l 2N
d w & 9% . 1'%
20‘2 P 2“2 Qk 20’2(0'2 + 0 ) ’ 0202
2 i\l 2 172
\.
k
1 1 i a2
¥(n) = 5 5 | exp | —F2—
- - 2
1 Ziucrl 1+ 21;102 1 .‘.1;.10‘1/
where
k
2 2 2
i 02 _ a (crz + 20‘1>
B 02 02 - 4 2(02 + 02)
1t % 0119 * %

SEL-65-079 - 82 ~
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6. n even, m even

a 2 2
2 (0‘ -0 )w
(n+m-4) /4 a 2 1
(-w) exp |- =5 Jexp |- —55— w
\ 29 40,9, Z 1
SR
g(mn)/a amf1 1 J
12\ 2" 2
1 2
-waloZ 2 (0-2 2>w
—_— 2 w - __};:_2__ w<0
6/ 2 2 (m-n-2k)/4, (n+m+2k-2) /4 2 2
9 ("1 * ‘72) 2010,
; g(w) = <
) (0'2 - 0'2)W
(n+m-4) /2 a 2 "1
w exp |- —5 Jexp (- —F—
202 402> 2
1 1°2 Z 1
(m+n)/4 5 1..(;1 N ,j)
( j=0 2
o{men)/4 nom f1 ., L
12\ 2" 2
1 2
wa40'2 j/z (0'2 0'2)W
N it T R AN Sl T IR
6/ 2 z) (n-m+2k)/4, (n+m+2k-2) /4 22 =
L 801(0'1+02 20‘10‘2 ;
[Ref. 24, p. 64]
n/2 m/2
- .2
¥, () = 1 3 1 3 exp | —2— 3
1 - 21;).01 1+ 219.02 1- Ziucrl
7 n, m
Same as 6.
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C.

a

Let

glt) = {

NON CENTRAL CHI SQUARE (-) NON CENTRAL CHI SQUARE

(1) 2 (2) ( 2
X € Nn(ﬁ’cl): X € Nm E,Gz>
\
I A AR T
2 2
t = vy T Vg

~

. £
1 -ta4a: J/2 -tb‘cf /2
A P(g + 2) 86:(6: + c;) Bcg(oz + 02)
(c3 - o3)t
* l(m-n)/a)e0(£-3)/2); [ (nem-2) fa)e [ (3023 /2) \" — 22 t<o

20102
(mn-4) /4 1 [ 2%
t exp {- = +
2\¢

»

!

-
Wl %

J- ()

(n+m)/4
2(00m)/4 g <_12. . _1§>
G %

. 1 ta‘c: j/2 tb4ci l/2
3 F(% + J) Bcf (cf + c:) ch(ﬂf + o:)

=0 i0

[

SEL-65-079

o2 - o)
* Yl (n-m)/a)el(3-£) /2], [ (men-2)/a)s [ (3e0)/2) \ "2 tz0

20102

[Ref. 24, p. 63)]
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n/2 m/2
2 2
1 ina iub
\Vt(t-l) = ) —_—3 exp -——-u—z exp - - 3
: 1 - 21p.01 1+ Zip.cz i- 211.10'1 1+ 21110'2
=
-
A
|
;o
i.
|
.
|
| - 85 - SEL-65-079
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V. PRODUCT

A. GAUSSIAN WITH ZERO MEANS

1. Independent

SEL-65-079

LY

W onfodd). 1 enfocd

12
k=1
n=1
) < L |2
f(z = 7o KO e [Ref. 24, p. 45]
- Jn
vi/a
1
l+cu
n=2
1 | z|
£(2) = 3¢ exp < ‘2‘)
)
Wz(u)— 22
l+cyu
n =2k
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¥ (u) =
z 1 + czu

Izi(n-l)/z Izl
f(z) = n (n-l)/z (n+1)/2 K(n-l)/2 < c >
/ir(3) 2 °

[Ref. 24, p. 42]

n/2
(G <—"1‘?§>
l+cp

e. mngte = (xM), x®) - ) 5 cos ¢

(1) (2)

Phi (¢) is the angle between X and X',

n-2
x(e) = (sin o) 0 < ¢< 2n

1 n-l)
B(z’ 2

[Ref. 24, p. 47]

7. Dependent

(1) ( 2) (2) ( 2)
X €N 0,61 ’ X = Nn 0,02
2 1
9 P99, Y11 Y12
M= . W= y_"l =
PO, T, qg %12 Vo2
n
2 (1
2 = (2{_(1) x¢ )) - z 5 ),.(2)
k=1
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a. n=1

2
£(z) = % lﬂ?l/ exp (-w,,2z) Ky (|z]/w w,,)
{Ref. 24, p. 45]

1/2
1

1 « 2ippe + uzcz(l-pz)

¥, () =

exp (-lez)

f(z) = —go — exXp (-Izl,/wllwzz)

1

¥ (w) =
z 1 - 2ippe + u’e®(1-p%)

c. n =2k

k-1 o) k1
£z = 2" exp (-w)p2) exp (-|z] /Wy W,,) 22 (?+J-1);
= .k Kk 3t (k-j-1)!
(k-1)! 2" ¢ 3=0
J
Y U S
22| /W) vp
k
1
v o(u) =
2 1 - 2ippe + uzcz(l-pz)
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(n-1)/2 exp (-wlzz)

o(n-1)/2 mll/z L(n-1)/2 K(n-1)/2 ([z] v/ w3%g5)

z

2]
J=r(3)

£(z) =

[Ref. 24, p. 42]

n/2
1l

¥ (n) =
z 1 -~ 2ippe + uzcz(l-pz)

e. Angle z = <§(1), g(z)) = Hg(l)ﬂ HK(Z)H cos ¢
(1)

Phi (¢) is the angle between X and §(2).

(n-1) T(n) (sin )2

|M|n/§2/;-F(n + %)(‘/wnwz2 + W, cos o)

x(e) =

. W12 cos ¢ -~ ‘/W11W22
Wi €08 ¢ + V' VW11¥9g

[Ref. 24, p. 45]

B. GAUSSIAN WITH ONE NON ZERO MEAN (INDEPENDENT)

M en@d®, P exed®,  a-l
Let 2 = (5(1)’ _,5(2)) i, z x}gl) x}({2)
k=
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o Mo oo A w

o, o ol ol caatd RO .

(= ()5 3
2 2 0_2

20 20 j=0 £=0

J -4
. (j+4)! <a2> <|z|>
2£ jtoir e (5-4) 40> o2

1 202a2
¥, (0) = —=F e -—“—-——42
1+0W 2(1 + o u’)

3. n =2k (even)

. lzl k-1 az |Z| w k+j-1
NENENETS

20 20 g 3=0 2=0

-4
. (k+j+£-1)! /a2 >J (IZI>J
23 3t (k+j-1)! £ (k+3-£-1)! \402 o2
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C.

1 uzozaz
v = (L) ew (- —£2
2 1+ 04u2 2{1 + 0'4;12)
4. n
(n-1)/2 g\ ©
1 A a 1
£(z) = >\ "2 exp \- —5 z —n_ N
NEX- ARt 20 ,j!l"<9-+j‘
j=0 2 ")
2, A\L(n-1)/2]+;
a’|z | 2]
’ 2 K[(n-l)/2]+j 2
20 o
[Ref. 32]
1 \n/z u202a2
¥ (n) = |—= exp \- ———7
1+ 2(1 +
GAUSSIAN WITH NON ZERO MEANS
1. Independent
5(1) € Nn(é_,cz), §(2)e _rin(g,cz)
a =[], b = B
n
Let z = (E(l), _)5(2)) = z xél) xéz)

k=0
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Q
N
1]
e
—
~~
S
+
w
SN
~
o>
+
[>]
p—
N
]
)
i+
oy
+
o f=
w
=]
i, M)
O’
=

vl
[¥]
it
=
—_——~—
o~
>
t
w
g
—
v
Lo
p
~—
]
[
|+
oy
[}
(S
=
.'.'.M"-’
o
-

(-2)®2)/2 < o2 +2b2> o
20 z z 1

3t 4 r(g + z)

a\I/2 7 4 \b/2
dvy = ¥ _:_2_z_) z2<0
26° 965 (£-3)/2,(n+4+3-1)/2 2 /

f(Z) = <

a\3/2 ) 4 \4/2
ot = ¥ = z=20
(206> <20’6> (3-2)/2, (n+j+£-1) /2 <02> 2

[Ret. 24, p. 63]

n

2 2,22
n/2 (a + p°)o“p” - 21ip 2 ab_
1
\Vz(l-l) =\—7""22 exp| - r=0
1

+ o*u 1+ o2

2. Dependent
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[+

all,

Let

£(z) = <

1 o 11 12
b=lBl, M=o ;o We=wT =
e 1 Y12 Va2
n
(1) (2 (1) _(2)
z'(-}S » X /-zxk *x
k=
n
2 2
2 1 a + b 1
-1 \) - 1 z
o y ((A+B), (A+B) y 3 akbk
k=1
rl
2 2
2 1 +b° 1
B =3 <(A'B)’ (ﬁ'§)> =772 "2 Z 2 by
k=1

(™D oy (" ) S
2n 2 an exp ('W122) go ZO e I‘(% . Z)

. (_ 04 1- z>j/2 <_ 2411+ 922)2/2

2(1+p)306 2(1-9)306

*¥(0) /2, (negsge1)fz 22V V0V22) z2<0

x

222 o (-28% S r ) exp (-w ,2) i 2 1
12 —

YERE S 5 rerEe)

. <a4‘1 - 922>J/2 <E4§1+ g!z)

2(1+p)306

) W(J'E)/Z.(n+j+2-] Y2 (2z/ wllwzz) 210

[Ref. 24, p. 63]
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r=0

n
// (a2 + bz)czp.2 - 2(iu + paéuz) 25 ab
N rr

n/
¥, () = (-17-) exp \- 5
7 =1 - 2iu0%p + pot(1-p%)

D. RAYLEIGH (x) RAYLEIGH

1. Independent

(1) ( 2) (2) 2)
X" e N {0,0]), X\“ ¢ Nm(o,o2
N
(1 2
no= 5Ny = 15@)
Let z = r1r2’ c = 0102

e

-2 (.Z.) >
£(z) = fic KO c z20
e W DY
Ez = (2¢) — kzo0
b n=mn=2
z z
£(z) = 5 Ko(c) zz0
[+]
= (:ac)k I‘z(-‘i + 1) kz0

Ez‘ = 2
SEL-65-07¢ ~ 94 -
b

¢
L——-———mm“w‘ﬂmm-u "RXT "rr




f(z) = 1 (& 1 2 z=20
2 £
™k + &
Ezz = (2 £ ( 22 £=z0
[(k-1)!]
[Ref. 24, p. 73]
d n, m
(mtn)/2
_4/(=z 1 z
1(z) = z \Zc) 1"(9-) 1.\(_g) K(n-m)/Z(c) 220
2 2
[Ref. 24, p. 49]
Dependent
g(l) eN (o,uf), 5(2) €N (0,02)
2
% P09 [wll Y12
M = ;owew =
0.0 o2 Y12 Vo2
12 2
1 2)
o= VL, = 1)
Let zZ = r,rz
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len/2 2:n/2

£(z) = m-2)/Z /a I(n/2)-1 (zlwlz)! K, (z,/wnwzz) z20
(2|w I) =
12 2
[Ref. 24, p. 47]
oK lwln/z 1.\2(-1_1_.'_15) w2
EZX = = 2 g (Btk ntk n 12
= (n+k)/2 2(11_) 271\ 2 ' 2 "2 w._w
(wllwzz) {3 11722
[Ref. 24, p. 73]
E. RAYLEIGH (X) RICE (INDEPENDENT)
X(l) €N (A,cz), x(z) €N (0,02)
= n\='"1 = m\~' "2
l 11} 2
a=lal,  v=lx®n s x(®)
Let u = vr
1 n=1, m=1
o 23 J
a2 1 a uay u
£(u) = exp |- —5 z ' 1 o, | %5\
T 0,0, 201 320 j I‘(j + -5) 201 2 172
uzo
2. n=2, m=2
2j
u a2 c 1 a ucl ! u
£{u) = exp |- — Z K uzo
ol 20> (3112 \eo?/ \ %/ 3\%%
1°2 1/ j=0 13- 1
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* 3 n m
: 2
"- e - _a—. zj
(m‘*‘n)/2 P 2 ) 3
20 uo
4 u 1 1 a 1
: W =5 \w@ s, — ~ (%) (2
F. 172 F(‘§) 520 it 1"( + J) 207 2
N u
*K w0
[(n-m)/2]+j (0102>
H' iRef. 24, p. 48]
; F. RICE (x) RICE
X(l) €N (A,cz), x(2) €N (B,az)
- n\=""1 - m\='"2
a=lal  velml vy =k v, =P
: Let a=vyv,
il o (n+m) /2 . a2 e :
o) =g 2019 R N VR z z jt 4T - J) P(m +3)
I 1 2/ /=0 i=0 2
. 23 2/
j-2
_ (eva) (pa /ﬁ) ’ <9> ro
‘ 202 202 \°2 ({n-m)/2]+j-£ \ 0,0,
1 2
. [Ref. 24, p. 48]
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1'\(.’.‘;".2) p(m) / [2 2
Eo® = (20.0,)° 2 2 exp - ia . b
I T T A
2 2 \\ 1 2
n+p o n a2 mp m b2
LR St B R S LN p>0
20 20
1 2
[Ref. 24]
G. JOINT DENSITY
X(l) €EN (0,02), x(z) €N (0,02)
< n 1 = n 2
0’2 .0 w w
1 P04 % 11 12 .
M = . -W_' = M‘l =
0.0 o2 Y12 Yoo
P9 % 2
Also
3 2 (4 2
5( ) €N <°'°1)’ g( ) € Nn(o,cé), M
1 2 o3 4)
T e R Y
Let z1 = r1r3, z2 = r2r4

Here r, and r, are independent
r, and r, ar:z independent
r and 1 are related by M

r, and r, are related by M
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|w]® )n— c < 1
#(zy,2,) = 2n-4 2 25 EE A r(% + J) F(% * 2)

2 j=0 £=0

PR 14
172712 ¢
2 Ky g ‘zlwll) K (z¥y,) 2),25 >0

[Ref. 24, p. 49]
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VI. GENERAL QUADPATIC FORMS (Ref. 31]

Let

-
41
Yo
=
Yn-
be a Gaussian vector with
EY =4  and K = E(Y-A)'(Y-A)

Let Q = Y'W Y be the quadratic form where W is an n X n matrix.

k=
be the eignevalues of W K.
1. EY =0 (zero mean)
1/2
-1/2 1
V(W) = |1 - 200 ¥ K| /2.
n
H (1 - 21uA)
k=1
. .
W= A
k=1
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exp (- 3a% (1~ (2- 2 %K) Ia)

Let Q=Y'WY+B'Y; B'=nX1 colum vector. W is an nXn

{ matrix.
1. EY =0 (zero mean)
1/2 u? -1
¥ow) = |1 - 2in W K| exp (- 3 B'K (1 - 210 ¥K) B
2. EXY =A

2
* exp ( A (2wa+B) K(I-2¥WK) (2 A+P.)>
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APPENDIX A. MISCELLANEOUS FORMS

A Zero Mean Complex Quadratic Form [Ref. 2]

and Y are complex zero mean Gaussian vectors. Hence EX =

X
EY = 0. Components of the same vector are independent as usual.

3 . - = =
Given: Exkxk = Elxkl =Moo k =1, y N
2
*— =
Ey vy = Ely, |” = vy k=1, ..., n
¥y L — =
Exkyk = mxy’ Exkyk mxy k 1, sy N
m m
XX Xy
Let M=
m* m
Xy Yy
a,b be real and c¢ complex.
Define

= 2 2 * * * -
q, = alxkl + b]ykl + cxkyk + c xkyk k=1, ..., n
a c pxx pxy
E:M =
* b *
£ Pxy Pyy
n
q = 2{ q,
k=1
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2
Q= Pxx * Pyy . +pxx+pzz
2|p| |2 2|
15 1/2
+ +
=X’ Pyy| | 1 _ Pxx T Pyy
2|p| |2 2|p|
a n=1
o Ba
B e q<o0
glq) =
o -Qq
B e q=z20
a_ Pa
o) e q<o0
G{q) =
.. _-oq
1 o) e qz220
b. n
( n-1 n n+k-1 n-k-1
Sy ol La <y
(mB)n+k K (n-k-1)!
k=0
glq) = 4

n-1
( E)n n+k-1 n-k-1
e-aq S y n+k < ) -Z -k-1$' 920
e (a"'B) k n .

" k=0
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- ==
n-l n-k-1 n fosk-1 n-k-j-1
SS = (-q) Ba 4 <o
n+k

Lso1Y1 adtl
ko 320 (o) k / (n-k-j-1)! B

G(q) = <

n-1 n-k-1
n [n+k-1 n-k-1 n-k-j-1
1'2 z ___@)___< >£il q_ R T
k=0

L = i (@8)™* \ x / (n-k-j-1)1 oI ®°
2. Rayleigh (+) Rayleigh (Independent) [Ref. 30]
2{_(1) € Nz(_(_J_,l); )_((2) € Nz(g,l)
e TR O
Let zZ = r1 + r2
2 2 2
f(z):exp(—%—) (%—-%)ﬁerf(%)+§exp<-%> z20
3. Gaussian (X) Rayleigh (Independent) [Ref. 30]
X € Nl(o,ci), Xe Nz(o,cg)
r = |||
Let z = Xr
3 1 | =]
I(z) = 20’1@2 exp <- clcrz>
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4. Gaussian (x) Rayleigh (+) Gaussian (Independent)

xen(01), XeN(01), e N(00)

r = |||

Let W=Xr+y

ol e e v

f(W) = D) 1 - 5
[Ref. 30]
5. Gaussian (+) Rayleigh (Independent)
2 2
x € Nl(o"’l)’ Xe Nz(-o-"’z)
r = [X|
Let zZ=X+r
2 2202
o, exp |- 2= 20, exp { - —E
1 202 2 2(02 + 02> 20
1 1 2 2
£(z) = + 1 + erf
(2 2 3/2 o
2% Op * 01 2(02+ g ) g 2(02 + 02)
1 2 1 v 1 2
[Ref. 30]

6. Gaussian (+) Double Rayleigh (Independent)

i
h
2
X € Nl(O,c )y X e Nz(g,l)
SEL-65-079 - 106 -
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r with probability %

T
-r with probability %
Let w=x+ r¥
2 2
con () Mew((—2) [
20 2(1 + o)
f(W) = 2 + ) 3/2 erf
J2r (1 + o) 2(1+0%) . /2(1 . 02)
[Ref. 30]
7. General Products (Indpendent)
a. x ¢ Nl(o,l), Yy € Nl(o’l)’ k =1, ..., n; all independent.
n
x
Let z= || X
y
k=1 'k
1) n=1
) -
(1 + 2°)
2) n=2
£(z) = 55— fn (22)
x (2" - 1)
3) n=3
£(z) = 3 12 {[4n 22]2 + 1)
2' 71°(2° + 1)
- 107 - SEL~65-079

Bmwmnﬂmmnwmmwwwm TAFT LA TGy CR7 YATITRTT ST Ay OO TN LW TN LAY 400 LW LYW L LOWOLTW LN L L8 AT W oY W T



4) n.=4
£(z) = 7 12 {[£n zz]3 + 4[/n zz]} h‘
3' n(z -1
5) n=5 N
£(z) = 3 12 {{4n 22]4 + 10{/n 22] + 9) .
4! 7°(z° + 1) )
6) n )
n-1 Kk
1 1 n-1-k d n
£(z) = - — = (In z) — [s csc s] .
nn[l B (-l)nz 1] ;%; (n-1-k)! k! dsk
B s=0
[Ref. 34]

b. Other Products and Discussion of the Mellin Transformation

See Ref. 34.

8. Instantaneous Frequency of Narrow Band Gaussian Noise

See Ref., 35.
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APPENDIX B, TRANSCENDENTAL FUNCTIONS

¢ 1. Definitions and Special Forms of Transcendental Functions

a. Error Function

x 2
erf(x):—z—]etdt; x20
n Y0
e .42
erfc(x):%[l-erf(x)]:-l—.’ et/zdt; xz20
. ,/2:{ X
b. Modified Bessel Functions
i
First Kind
a+2k
‘ > (3)
2
L) = D wiGwED %7 O
: k=0
N
:
. n+2k
> (3)
[ I (x) = z 2 n integer
n k! \1n+k$!
k=0
]
1/2
1 X -X
' y/e(®) = (2nx> (e +e™)
: "
. . 1
g In+(1/2)(") _ 1 X z (-1) (n+k).k . (_1)n+1
A ‘ Vv 2nx oo K (n-k)! (2x)
;. B
-
. n
-x z (n+k)!
® e k
1 - 1
wo K (n-k)! (2x)
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Second Kind

v
[=]

(2]
ka(x) =f exp (-x cosh t) cosh Ot dt x
0

n

\1/2 -X n+k)!
) e Y —nxsl

kn+(1/2)(x) = <.2lx n integer

k
v K (n-x)! (2x) x20
¢. Marcum Q Functions
0 m-1 2 2
Q () =f t(%) exp |- ;a 1,.(0)da  azo
B Bzo
52 m-1 . sz
Q (0,8) = exp -5 z ol by
k=0
Q,(@,0) =1
d. Bivariate Normal Function
a .2 (Bf)t 2
V(a,B)=2lﬂf et/zdtf X /2 4y azo
0 (4] Bzo

e. Elliptically Normal Probability Function

e -t
Ale,B) =f e Io(at) dt a
0

v v
o

A0,B) =1 - e P

SEL-65-079 - 110 -




Mow) = —2—;  A(1,8) = 8eP(1,(8) + 1,(p))
1 -Q

£. Gamma and Beta Functions

Gamma Functions

r) = °°e-t Q-1
(0 J; t dt a>0
T(n) = (n-1)! = (n-1)(n-2){(n-3) ... (3)(2)(1) n integer

Q) -m )

Beta Functions

1
B(a,B) = f £t (1-t)B e, a>0
0 B>o0
] Iy
8(a,B) = Fpad,r; >0
g>0
_ (m-1)! (n-1)! .
B(m,n) = (wen-1) n,m integers
I
g. Hypergeometric and Confluent Hypergeometric Functions
Confluent Hypergeometric Functions
;]
~' < (@), x" Dok
- ].Fl(a’a;x) = z Wﬁ (a)k = T B # 0, -1, -2,
k
k=0
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1
r(e) - -a-1

X
1Fl(oc,oz;x) = e

o
n-1)! mk-1)! Kk
1Fl(m,n,x) = 1) EE E?‘?;IET%F? x m,n integers
k=0

x\ x
1Fl(n+1,n,x) = (1 + ) e

n-1

n! x xk

lFl(l,n+1;x) ='x—n' e - Z g
k=0

Hypergeometric Function
g eC

1
oF (@.B375x) = ﬂﬁr)%%yl-'ﬁi j; 1 (1-0)7PT (1) ®at a>p>o0

h. Generalized Laguerre Polynomial

n
T
e z d (ezzn+a) Q4+n+l F (-n,awl,z)

n nt . m “n'r'lowl) 171

[Ref. 21, p. 189]
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X . i, Whittaker Functions

_£r(/2) x/2 foo X (Pro-(1/2) () y240-(1/2) 4y
0

1
B - Q4+ 5 >0

For n,m integers

e-x/2

w(l-m-n)/2,(n+m)/2(x) = _(mm-1)/2 x>0
( )/ n+m-1 ( )
m+n+l) /2 -x/2 n+m-1)! >
w(m+n—1)/2,(n+m)/2(x) =x e/ z (mrmk-1)! x5 x20
k=0

m+(n/2) -x/2 ‘e fm-1 (ko) !
w-n/2,m+[(n-1)/2](x) = & (m+n-1§! z (k) m:::ruk)— x>0
k=0

wn/2,m+[(n-1)/2](x) = m-1)" « Bk

m+n-1
ne(nf2) _-x/2 S (“‘“"1> (1) g

k=0

n-[(n-1)/2] -x/2 (mensk)! >0
wn/z,m-[(n-l)/z](x) =% (m-n)! s Z (k) mm?:';-rk : 2n
k=0

S [(n-1)/2] -x/2 mn( )g mek) ! x>0

w-n/2,m-[(n-1)/2](x) = m! m+k+1 mzn

7!‘

=0
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2. Some Useful Relationships between Transcendental Functions
a. Marcum Q Function

1) n=1, Qfop) =q(xp)

2 2\ k
Q(x,B) = exp (- 9-—;-—@—> Z (%) Ik(aa) B>a>0

k=0
Qa,B) =1 - e -93.1.@.2. i ék
) =1 - exp : (8) 1,8  a>p
k=0

Q(e,q) = % [1 + e'a2 Io(az)]

2 2
Q(aya) + Q(Bva) =1 + exp (’ a'_;g-> 10(03)

For a>>B8 > 1

2
Q,p) ~ 1 - g2 /;%exp(— a'ZB))

For B>>a>1

2
Q(.B) ~ g [5ag enp < £L2§L>
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[ e T ) 5 -+ 2 o ) o - o[22 [

+ ce7/c Q({/ 2a, \/2b7) For a,b,c>0

d x2 + a2
o Q(x,x) = -x exp |- > Io(ax) x

20
_d_( )_ -x_zLE_z. I(B‘ 20
i © x,B) =B exp ) Y X 2

v

2_\k/2
ex (- % - c) z iul_wk/z,(m)/z(x) -qo(/2c.J/2x) x20

k=0 (1)®
2) m
o . 82 ml ok
Q (2,8) = @(0,8) + exp < ———;—@—> > (B) 1,8
k=1

7 m
f ex/c Qm( \/E; J2bx) dx = -c + ¢ (b:fl) exp (
4]

2)
bc-1

o o))

+ ce?l® Q (/2a, /2b7) a,b,c > 0

o b4 - czx k/2
KOV ey (-200) D T kY Mokt i) = a7 /30
k=0

xz0
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b. Modified Bessel Functions
First Kind

I, . (x)+1

d Q-1
dx Ia(x) - P

s (%)

fxn In-l(x) dx = x In(x)
fx-n In+1(x) dx = x % In(x)
1 (x)=1_ (x)

fen Io(x) dx = xe* [Io(x) - Il(x)]

fe-x Io(x) dx

xe * {Io(x) + Il(x)]

fex I, (x) dx

e* [(l-x)Io(x) + xIl(x)]

i

e X [(l+x)10(x) + xIl(x)]

fe'x Il(x) dx

2 2

S 2
Jy w7 e 100 o+ o (57) 1, ()
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) Second Kind

fxn K (%) ax = <" K (x)

1}
t
»%
W
=
—
»
~

-n -n
, fx Kn+1(x) dx

J TSt K, (ox) dx = 2_“; p(p;_V) P(Lﬂ) gy > 0
Y o'

c. Whittaker Function and Gamma Function

d. Confluent Hypergeometric Function

»3 ‘ . - e& - ‘-
1F1(a)5’x) =€ 1F1(B a’Bt x)

.'

' a [* -t o1 - 1

. JF(0,001,-x) = ox f ettt dt =2 DMowr) 1{-E,= a>o
ui 0 vf&

* where I(*,') is the incomplete gamma function,
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1F1(1,a+1;x) =e* x*r(as+1) 1 <—,Z_—-_, a-1> a>0
Vv a

Vi

13 _2)__
1F1<2,2,x = ox erf x x>0

lFl(-—n,l;x) = Ln(x) original Laguerre polynomial

; _n! I"o+l) O .
lbl(-n,a+1,x) = m% Ln(x) general Laguerre polynomial

20 x/2
1 _27 I (ol) e (x)
lFl(a+ 2 ,2a+1,x) = Ia

For recursive relationships see Ref. 19.

H F(&%ﬂ> F <@+p.+1 2_2_>
1l

® --a.x2 1 Y
J; x e Ip‘(7'x)clx=2a(6m+1)/2 (12-) TR 1 g M1, o=

a>0, B+u>-1
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e. Generalized Laguerre Polynomial

o0
n! -z Q_C (0
T'(o4n+1 J; € 2 I"n(z) Lk(z) dz = 6nk

f. Special

k=m n k=m

n n
z Z+k> (1+x)n"k i z <n+2+1 xn_k
k- k-m

where m, n, and £ are integers and 0 s m £ a.

[Ref. 29]

- 119 - SEL-65-079

B " 2% 3z@ = Fn % Wa® pa s BaP G NA® WA waW PP Wal¥ ¥ el Fa? Ba® Ha® wa® o el




10.

11.

12,

13.

14,
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Walthan, Mass,

Attn: Dr. H. Statz

1 Mrs. M. Bennett, Librarian
1 PResearch Div. Library

>

Ssndia Corp.
Sandia Base, Albuquerque, N.M.
Attn: MNrs. B. R, Allen, Librarian

o

Scientific Atlanta, Inc.

P.0. Box 13654

Atlanta, Georgia 30524

Attn: Dr, John E. Pippin
Director of Research

-

Sperry Rand Corp.
Sperry Electron Tube Div.
Gainasville, Fla.
Attn: Librarian

-

Sperry Gyrcscope Co.

Div, of Sperry Rand Corp.
Great Neck, N.Y,

Attn: L. Swern (MS3T105)

-

Speray Gyroscope Co.

Engineering Library

Majl Station F-7

Oreat Neck, Long Island, N.Y.
Attn: K. Barney, Engz. Dept, Head

-

Sylvania Electric Products, Inc.
500 Evelyn Ave.

1 Mt, View, Calif,

1 Attn: Mr, E. O, Asmann

#No AF or Classified Reports.

Sylvania Electronics System
100 First St
Waltham 34, Vass,
1 Attn: Librarian, Waltham Labs.
1 Mr, E.E. Hollis

Technical Ressarch Group
Route ¥o. 110
Melville, New York 11749

-

Texas Instruments, Inc,

P.O. Box €015

Dallas 22, Texas

Attn: MN.E, Chun, Apparatus Div.

-

Texas Instruments, Inc.
P.O, Box 5012
Dallas, Texss 75222
1 Attn: Tech. Repts. Servics, MS-65
2 Seni-Conductor Components
Library

Texas Instruments, Inc.

Cornorate Research and Engineeriug
Technical Reports Service

P.O. Box 5474

Dallas 22, Texas

-

Tektronix, Inc.

P.0. Box 500

Beaverton, Ore.

Attn: Dr. J§.F. Delord, Dir. of
Research

L3

Varian Associates
€11 Hunsen Way
Palo Alto, Calif.

1 Attn: Tech. Library

Weiternann Electronics
4549 North 38th St.
Milwaukee 9, Wiaconsin

-

Westinghouse Electric Corp.

Friendship International Airport

Box 746, Baltimore 3, Md.

Attn: G.R. Kilgore, Mgr. Appl. Rea.
Dept. Baltimore Lab.

-

Westinghouse Electric Corp.
3 Gateway Center
Pittsburgh 22, Pa.

L Attn: Dr. G.C, Sziklai

Wentinghouse Electric Corp.
P.0. Box 284

Elmira, N.Y.

Attn: S.S. King

-

Zenith Radio Corp.

6001 Dickens Ave,

Chicago 39, 111,
1 Attn:  J. Markin

“University of Western Australia
Nedlands, West Australia
1 Attn: Prof. A.R. Billings
Head of Electrical
Engineering
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